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In our studies, we focus on the reaction of cholesteric side-chain liquid single-crystal elastomers �SCLSCEs�
to static external mechanical and electric fields. By means of linearized continuum theory, different geometries
are investigated: The mechanical forces are oriented in a direction either parallel or perpendicular to the axis
of the cholesteric helix such that they lead to a compression or dilation of the elastomer. Whereas only a
homogeneous deformation of the system is found for the parallel case, perpendicularly applied mechanical
forces cause either twisting or untwisting of the cholesteric helix. This predominantly depends on the direction
in which the director of the cholesteric phase is anchored at the boundaries of the elastomer, and on the sign
of a material parameter that describes how deformations of the elastomer couple to the relative rotations
between the elastomer and the director. It is also this material parameter that leads to an anisotropy of the
mechanical reaction of the system to compression and dilation, due to the liquid crystalline order. The effect of
an external electric field is studied when applied parallel to the helix axis of a perfect electric insulator. Here
an instability arises at a threshold value of the field amplitude, where the latter results from a competition
between the effects of the external electric field on the one hand and the influences of the boundaries of the
system, the cholesteric order, and the coupling between the director and the polymer network on the other
hand. The instability is either homogeneous in space in the directions perpendicular to the external electric field
and includes homogeneous shearing, or, for certain values of the material parameters, there arise undulations of
the elastomer and the director orientation perpendicular to the direction of the external electric field at onset.
This describes a qualitatively new phenomenon not observed in cholesteric systems yet, as these undulations
are due to the coupling of the director orientation to the deformations of the elastomer. Furthermore, we find
that theoretically it should be possible to synthesize cholesteric and nematic SCLSCEs in which the director
can be reoriented by an external electric field without macroscopically distorting the sample; the latter applies
for one specific set of values for the material parameters involved. We also propose ways of experimental
access to the material parameters in the general situation.
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I. INTRODUCTION

In liquid crystalline phases, the preferred direction of ori-
entation of the mesogenic units is locally described by the
so-called director. A major focus on cholesteric liquid crys-
talline phases concerning applications results from their spe-
cific optical properties arising from the spatially varying ori-
entation of the director �see �1��. In cholesteric phases, the
director is twisted in space and arranges in a helical structure
in a way that the director is always perpendicular to the
resulting helix axis. Planes perpendicular to the helix axis
contain a uniform orientation of the director. Because of this
arrangement of the director and the resulting birefringence,
cholesteric phases show a photonic band gap. As a conse-
quence, circularly polarized light with the same handedness
as the cholesteric helix and a wavelength in the photonic
band gap is strongly reflected when irradiated parallel to the
helix axis. Films of cholesteric phases doped with a fluores-
cent dye, the maximum of emission of which is located in
the photonic band gap, can act as mirrorless lasers with a low
lasing threshold �see �2��. The cholesteric film thereby re-
places the cavity of a common laser. There exist also choles-
teric liquid crystals that additionally act as the active lasing
medium themselves �see �3��.

Because of their unique coupling of the director of the
liquid crystalline phase to the elastic polymer network, grow-
ing interest arises for side-chain liquid crystal elastomers.
Due to the coupling, mechanical deformations of the elas-
tomer can reorient the director, and vice versa a reorientation
of the director will in general also deform the elastomer mac-
roscopically. Effects of this kind will be the main subject of
this paper.

The first synthesis of cholesteric side-chain liquid crystal
elastomers was reported in 1981 in �4�. It was performed by
cross-linking polymer chains to which common low molecu-
lar weight �LMW� mesogenic units were attached as side
groups. The results of this procedure were polydomain struc-
tures of the liquid crystalline phase.

Since that time, new ways of synthesizing have been de-
veloped so that today the materials are available as choles-
teric side-chain liquid single crystal elastomers �SCLSCEs�.
Here the liquid crystalline phase is present in a monodomain,
which means the mesogenic units are ordered macroscopi-
cally over the whole sample. One of these methods of syn-
thesizing cholesteric monodomain elastomers uses a two-
step cross-linking process, during which first a weakly cross-
linked elastomer is swollen and afterwards anisotropically
deswollen �see �5��. While this anisotropic deswelling oc-
curs, a transition to the cholesteric phase takes place, and the
latter is chemically locked by a second cross-linking process.
The result is a cholesteric SCLSCE with uniform Grandjean
texture over the whole sample. A later route of synthesizing
consists of photo-cross-linking a sample in which the
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mesogenic units have been oriented macroscopically by sur-
face interactions �see �6��. By this method, glass-supported
or free-standing films of cholesteric SCLSCEs can be real-
ized. These can have a thickness of less than about 50 �m
and have a larger liquid crystalline order than the films syn-
thesized by anisotropic deswelling, which is reflected by
their optical properties �see �7��. In the same way as the
LMW liquid crystalline films, also films of SCLSCEs doped
with a suitable fluorescent dye show lasing activity. How-
ever, as a major advance, by using free-standing films of
cholesteric SCLSCEs, lasing cannot only be achieved by
means of a mirrorless cavity, but the wavelength of the emit-
ted light also becomes mechanically tunable over a range of
about 100 nm �see �7,8��. Tuning is realized by stretching the
sample in two orthogonal directions perpendicular to the
helix axis.

In particular, we will investigate that situation as a special
case in this paper, in which we study the behavior of choles-
teric SCLSCEs when exposed to static external mechanical
and electric fields. We especially focus on the coupling be-
tween the director of the cholesteric phase and the elastic
polymer network, which is the characteristic property of
SCLSCEs. For this purpose, we use a linearized macroscopic
description, the main elements of which we present in the
next section. After that, the exposure of the materials to static
compressive and dilative forces applied parallel to the cho-
lesteric helix axis is studied in Sec. III. Closely related to this
is the investigation of the influence of static compressive and
dilative forces applied perpendicularly to the cholesteric he-
lix axis in Sec. IV, which contains the situation described for
the mechanically tunable mirrorless lasers. Our results ob-
tained in Sec. IV fully agree with the experimental observa-
tions in �7,8�. So, in Secs. III and IV we are predominantly
interested in the effects that mechanical deformations of the
elastomer have on the orientation of the director. In Sec. V,
on the contrary, we investigate the consequences of reorient-
ing the director by a static external electric field applied par-
allel to the cholesteric helix axis, which also leads to a de-
formation of the polymer network. In this situation,
depending on the values of the material parameters, a quali-
tatively new effect in cholesteric films can be observed.
Finally, we summarize and discuss our results in Sec. VI.

II. MACROSCOPIC DESCRIPTION OF CHOLESTERIC
SCLSCEs

In order to characterize the elastomers, we use a linear-
ized continuum model. As we will deal with static external
mechanical and electric fields, the following procedure ap-
plies. First we identify the macroscopic variables that can
contribute to the energy of the system. By combining them
using symmetry arguments, we then obtain an expression for
the generalized energy density F. And finally minimizing the
generalized energy of the system F=�F d3r leads us to equa-
tions with the help of which we determine the actual state of
the elastomer.

We will restrict ourselves in the following to weakly
cross-linked SCLSCEs. The reason for this is that only if the

cross-linking density is low enough can a transition from an
isotropic to a liquid crystalline phase be clearly identified, as
was shown for nematic SCLSCEs in �9�. Only then is it
appropriate to think of the elastomers as made up of two
coupled components, one showing the liquid crystalline
phase and the other behaving like an elastic medium. And
only then can we define separate macroscopic variables for
these two components:

On the one hand, the local orientation of the component
showing the liquid crystalline phase is described by the di-
rector n̂�r�. The magnitude of n̂ is unity, and n̂ is invariant
under parity. In the ground state of the system, where we
assume a perfect monodomain of the liquid crystalline phase,
the director can be written as

n̂0�r� = �nox�z�
noy�z�

0
� = �cos�q0z�

sin�q0z�
0

� . �1�

Here, the ẑ axis of our coordinate system coincides with the
helix axis of the cholesteric phase in the ground state of the
system, and we will keep that convention throughout the rest
of this paper. q0 is the wave number of the helix rotation and
is related to half of the cholesteric pitch L by �q0�= �

L , where
the sign of q0 gives the screw sense of the helix. As the latter
does not change under parity, q0 must be a pseudoscalar and
n̂0 in the equation above in fact is an axial unit vector. In
what follows, we restrict our description of the behavior of
cholesteric SCLSCEs to a regime within the cholesteric
phase, far away from a phase transition. Because of this, we
do not include the degree of local liquid crystalline order as
a macroscopic variable. We concentrate on the macroscopic
variables that are associated with the broken symmetry in
cholesteric phases. Deviations from the ground state lead us
to the appropriate macroscopic variables we are looking for.
They are given by variations of the director �n as for
LMWLCs �see, e.g., �1��, defined by n̂�r�= n̂0�r�+�n�r� and
satisfying n̂ ·�n= n̂0 ·�n=0 in the linear regime. It was
shown in �10� that in a strictly hydrodynamic description of
cholesteric phases, for which effects with typical length
scales much larger than all inherent length scales of the re-
spective system are investigated, only one macroscopic vari-
able is hydrodynamic. However, as in the following we want
to study the effects of typical length scales comparable to the
cholesteric pitch 2L, we use the more local nematiclike de-
scription of the liquid crystalline phase on the basis of the
two broken-symmetry variables �n.

On the other hand, the polymer network behaves macro-
scopically like an elastic body and a certain deviation from
its original ground state can clearly be identified by consid-
ering the displacement field u�r� of its volume elements.
From continuum theory of elasticity, we know that in the
linear regime the appropriate macroscopic variables that can
contribute to the energy of such a system are the components
of the strain tensor �, namely �ij =

1
2 ��iuj +� jui�. This tensor is

the symmetric part of the tensor �u, which contains the
spatial derivatives of the displacement field u.
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The antisymmetric part of �u is given by the tensor
� with components �ij =

1
2 ��iuj −� jui�, which describes rigid

rotations of the polymer network. It cannot contribute di-
rectly to the energy of the system. However, with its help,
macroscopic variables can be constructed in order to take
into account the specific properties of SCLSCEs, resulting
from the coupling between the macroscopically oriented me-
sogenic units and the elastic polymer network. Because of
this coupling, there arises a contribution to the energy of the
system when the actual variation of the director differs from
the way the director would be rotated if it was rigidly fixed
to the polymer network. The appropriate variables in order to

include this effect are the so-called relative rotations �̃i,
which were first introduced in �11�. Here we use the slightly

modified notation �̃i=�ni−nj� ji from �12�, where ni�̃i=0.
The second step is now to combine all these macroscopic

variables by symmetry arguments and thereby derive an ex-
pression for the generalized energy density F of the system.
As we will restrict ourselves to a linearized model, it is suf-
ficient to expand F up to quadratic order in the variables
given above. We take into account the influence of a static
external homogeneous electric field E, assuming that for this
purpose the material under consideration is a perfect electric
insulator. Implying summation over repeated indices the
result reads

F = F0� + c1�ij�ij +
1

2
c2�ii� j j +

1

2
D1�̃i�̃i + D2�̃i�ijnj

−
1

2
�a�niEi�2 + e1�niEi��� jnj� + e2�niEj���inj�

+ �̃ijkl
E EiEj�kl +

1

2
K1�� · n̂�2 +

1

2
K2�n̂ · �� � n̂� + q0�2

+
1

2
K3�n̂ � �� � n̂��2. �2�

F0� includes all terms containing variables that are already
present in the description of simple liquids, as there are the
density 	, the energy density �, and the density of linear
momentum g. Their influence is not studied in what follows.
The terms with the coefficients c1 and c2 reflect the energetic
contributions of elastic strains of the polymer network,
where the latter is assumed to be isotropic for simplicity
�compare, e.g., �13��. In general, although the anisotropy of
solely the elastic behavior of the systems under investigation
is not too pronounced, this is of course an approximation.
However, in this paper we are mainly interested in the spe-
cial properties of cholesteric SCLSCEs that arise from the
coupling of the director to the elastic behavior of the poly-
mer network. This leads to qualitatively new effects, for the
description of which the anisotropy of the polymer network
plays a minor role. We note, however, that the anisotropy of
the elasticity leads to quantitative corrections.

The terms that describe the specific properties of
SCLSCEs of coupling the director of the liquid crystalline
phase to the polymer network �see �11�� make up the rest of
the first line of Eq. �2�. They arise due to the relative rota-
tions that enter the expression for the energy density here.

Two material parameters are involved in these terms, namely
D1, which is only related to the relative rotations themselves,
and D2, which couples the relative rotations to the strain
tensor.

Next, the contribution of a static external homogeneous
electric field is included. Here �a denotes the dielectric an-
isotropy and can be written as �a=�	 −��, where �	 denotes
the dielectric constant measured parallel and �� the dielectric
constant measured perpendicular to the director �see �1��. A
term − 1

2��E2 has been incorporated into F0� as it does not
depend on any of our macroscopic variables, but only on the
magnitude of the applied external electric field. The contri-
butions with the coefficients e1 and e2 are called flexoelectric
and arise because splay and bend deformation of liquid crys-
tals can lead to a polarization �see �1��. In our case of a
spatially homogeneous external electric field, the two flexo-
electric terms can be reduced to one for the bulk of the sys-
tem by neglecting surface contributions. It can be written as
ēnj�� jni�Ei, where ē=−e1+e2. Additionally, in Eq. �2� we in-
cluded electrostrictive effects by the term �̃ijkl

E EiEj�kl, where
�̃ijkl

E denotes the electrostrictive tensor �see, e.g., �14��. How-
ever, for common nonpolar elastomers, electrostrictive con-
tributions are small compared to the ones resulting from the
other terms �see �15��. For this reason, we will neglect the
electrostrictive term in the main text of the paper and discuss
its influence separately in Appendix B. There, we also show
that electrostrictive effects will not change the results of the
following calculations qualitatively.

We further want to point out that the case of an external
static magnetic field is formally identically described if we
only set the flexoelectric coefficients e1 and e2 to zero, re-
place �aE2 by �aH2, and �̃ijkl

E EiEj�kl by �̃ijkl
H HiHj�kl. Here �a

and �̃ijkl
H denote the anisotropy of the magnetic susceptibility

and the magnetostrictive tensor, respectively.
Finally, the last two lines include the Frank energy density

familiar from cholesteric LMWLCs �see �1��.
Apart from the terms with the coefficients c1 and c2 and

the electrostrictive contribution, the expressions in Eq. �2�
are obtained by assuming local uniaxial symmetry of the
system, with the symmetry axis given by the director n̂. This
is justified in systems for which the cholesteric pitch is not
too small compared to the dimension of the constitutive mol-
ecules. It is associated with the assumption that the Frank
energy density can be used in order to account for the cho-
lesteric phase, introducing two macroscopic broken-
symmetry variables instead of one. In Appendix B, where we
discuss the influence of the electrostrictive term in the third
line of Eq. �2�, we also assume local uniaxial symmetry of
the system with the symmetry axis given by n̂.

If one takes into account the uniaxial symmetry of the
elastic behavior of the polymer network, one has to add three
terms to Eq. �2�. They can be written in the form c3ni�ijnj�kk,
c4ni�ij� jknk, and c5ni�ijnjnk�klnl �compare, e.g., �13,14��. The
situation of an isotropic elastic response of the polymer net-
work is contained as a special case in which we have to set
the elastic coefficients c3, c4, and c5 equal to zero. As dis-
cussed above, we will not include these terms into our
considerations.

An external mechanical field has not been considered
in Eq. �2� explicitly. Although this would be possible by
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including the components of an external mechanical stress
tensor in a similar way as the components of the external
electric field, we will proceed here in a slightly different
way: We will consider a certain displacement of the polymer
network at the boundaries of the sample. The mechanical
stress that has to be applied to the sample surfaces in order to
achieve this displacement can then be calculated by


ij
mech =

�F

��ij
= 2c1�ij + c2�kk�ij +

1

2
D2��̃inj + �̃ jni� , �3�

with �ij the Kronecker delta.
From Eq. �2�, there arise the following conditions of ther-

modynamic stability for the material parameters: c1�0,
c1+c2�0, D1�0, D2

2�4c1D1, K1�0, K2�0, and K3�0.
As can be seen from the definitions of the variables that

enter Eq. �2�, in our linearized model there are five indepen-
dent variables that completely describe the state of our sys-
tem. They coincide with small deviations from the ground
state. Those variables are the three components of the dis-
placement field u�r� and the two independent components of
�n�r�, characterized by the condition n̂ ·�n=0. The setup of

the system we have in mind is sketched in Fig. 1, where the
undistorted cholesteric helix given by n̂0 from Eq. �1� is
indicated, and its axis is parallel to the ẑ direction. If we
denote the general form of n̂�r� with the help of two angles,
we obtain two independent variables that completely define
�n�r�: One is the angle that gives the tilting of the director
out of the respective plane perpendicular to ẑ, which we will
call nz�r�, the other is the angle that determines the change of
the phase of the director rotation around the helix axis, which
will be referred to as 
�r�. So in the linearized form we can
write

�n�r� = n̂�r� − n̂0�r�

= �cos�q0z + 
�r��cos�nz�r��
sin�q0z + 
�r��cos�nz�r��

sin�nz�r��
� − �cos�q0z�

sin�q0z�
0

�

 �− sin�q0z�
�r�

cos�q0z�
�r�
nz�r�

�
= �− noy�z�
�r�

nox�z�
�r�
nz�r�

� , �4�

where we introduced as abbreviations for the components of
n̂0,

nox = nox�z� = cos�q0z� , �5�

noy = noy�z� = sin�q0z� . �6�

When expressing the energy density F from Eq. �2� by the
five independent variables ux, uy, uz, nz, and 
 up to
quadratic order, we obtain the following expression:

F = c1���xux�2 + ��yuy�2 + ��zuz�2 +
1

2
���yux� + ��xuy��2 +

1

2
���zux� + ��xuz��2 +

1

2
���zuy� + ��yuz��2�

+
1

2
c2
��xux� + ��yuy� + ��zuz��2+

1

2
D1��
+

1

2
���yux� − ��xuy���2

+ �nz +
1

2
nox���zux� − ��xuz��+

1

2
noy���zuy� − ��yuz���2�

+ D2noxnoy�− ��xux��
 +
1

2
���yux� − ��xuy��� + ��yuy��
 +

1

2
���yux� − ��xuy��� +

1

2
���zux���zuy� − ��xuz���yuz���

+
1

2
D2nox

2 ����yux� + ��xuy���
 +
1

2
���yux� − ��xuy��� +

1

2
���zux�2 − ��xuz�2��

+
1

2
D2noy

2 �− ���yux� + ��xuy���
 +
1

2
���yux� − ��xuy��� +

1

2
���zuy�2 − ��yuz�2��

+
1

2
D2nz
nox���zux� + ��xuz�� + noy���zuy� + ��yuz���

−
1

2
�aE2nz

2 + E
e1�nox��y
� − noy��x
��nz + e2�nox − noy
���xnz� + e2�noy + nox
���ynz� + �e1 + e2�nz��znz��

+
1

2
K1
nox��y
� − noy��x
� + ��znz��2 +

1

2
K2
nox��ynz� − noy��xnz� − ��z
��2 +

1

2
K3
�noxnoy��y
� + nox

2 ��x
� + q0noxnz�2

+ �noxnoy��x
� + noy
2 ��y
� + q0noynz�2 + �nox��xnz� + noy��ynz��2� . �7�

FIG. 1. Geometry of the system. The coil illustrates the choles-
teric helix emerging from the twist of the director orientation in the
ground state.
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Now we can minimize the energy of the system
F=�F d3r in order to find the respective state of the system.
We do this by setting the variational derivatives of F with
respect to our five independent variables equal to zero, which
leads us to the five coupled linear partial differential equa-
tions �A1�–�A5� listed in Appendix A. Finding solutions to
this set of equations then guides us to the actual state of the
system. During the derivation of equations �A1�–�A5�, we
thereby neglected energetic contributions of the sample sur-
faces and concentrated on the energetic contributions of the
bulk. This is justified by the dimensions of the systems under
consideration. We will include the effect of the surfaces by
the boundary conditions we will impose.

In the following, we will set the origin of our coordinate
system as indicated in Fig. 1. The bottom of the sample is
located at z=0 and the top at z=d. We will assume strong
anchoring of the director at the bottom and the top of the
sample, where in the next two sections the director is
supposed to be fixed in the x̂ direction,

n̂�z = 0� � n̂�z = d� � �1

0

0
� . �8�

This assumption is certainly justified for the films synthe-
sized by photo-cross-linking �see �6��, because during the
cross-linking process the polymer network gets covalently
bound to the substrate, if supported films are produced. If
free-standing films are synthesized, the polymer network
gets covalently bound to a sacrificial layer, by which the
substrate is coated and most of which is dissolved in water
afterwards in order to separate the film from the substrate. In
the ground state of the system, the adjusted cholesteric pitch
2L �see Fig. 1� for homogeneous structures then fulfills the
condition d=mL with m=1,2 ,3 , . . . . The wave number for
the rotation of the cholesteric helix can therefore be written
as

q0 = m
�

d
with m = ± 1, ± 2, ± 3, . . . . �9�

What we want to point out at this point is that the equa-
tions �A1�–�A5� can be solved by an ansatz that separates the
z dependence of the solution from the lateral dependencies,
which are the x and y dependencies,

ux�r� = cos�kxx + kyy + ��ũx�z� ,

uy�r� = cos�kxx + kyy + ��ũy�z� ,

uz�r� = sin�kxx + kyy + ��ũz�z� ,

nz�r� = cos�kxx + kyy + ��ñz�z� ,


�r� = sin�kxx + kyy + ��
̃�z� . �10�

This solution contains lateral undulations in the x̂ and ŷ di-
rections, where � is an arbitrary phase angle that only be-
comes important if both of the wave numbers kx and ky are
zero. It was one of the goals of our work to find out whether

instabilities with nonvanishing wave numbers kx and ky could
be identified when minimizing the energy of the system F.
Indeed such situations can occur, but we will come to that
later when investigating the influence of an external electric
field.

III. COMPRESSION AND DILATION PARALLEL
TO THE HELIX AXIS

The first geometry that we want to inspect is the one
depicted in Fig. 2, where the external electric field is set to
zero. By static external mechanical forces, the system is
compressed or dilated parallel to the axis of the cholesteric
helix, and we denote the applied force densities �per unit
area� by A. The corresponding surfaces of the sample under
consideration are oriented by surface vectors ŝ. According to
Fig. 2, in this geometry A= �0,0 , ±Az� on the surfaces ori-
ented by the surface vectors ŝ= �0,0 , ±1�, and A= �0,0 ,0�
on the surfaces oriented by the surface vectors ŝ= �±1,0 ,0�
and ŝ= �0, ±1,0�. For Az�0, we obtain a situation of
compression; for Az�0, the system is dilated.

On the sample surfaces, the tensor of mechanical stress in
Eq. �3� connects surface vectors and force densities by

ŝ · 
mech = A . �11�

In addition to anchoring the director at z=0 and z=d ac-
cording to Eq. �8�, we assume

uz�z = 0� � 0 and uz�z = d� � Czd . �12�

Here Cz denotes what is usually called the compression or
dilation in this context. The reason for the boundary condi-
tions �12� is that a sample compressed between two plates
cannot penetrate these plates or detach from them.

We solve Eqs. �A1�–�A5� by the ansatz

ux�r� = Cxx ,

uy�r� = Cyy ,

uz�r� = Czz ,

nz�r� = 0,


�r� = 0. �13�

This describes a homogeneous distortion of the system, by
which the director conformation remains unchanged and the

FIG. 2. Compression and dilation by external forces parallel to
the cholesteric helix axis.
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origin of the coordinate system is kept fixed without loss of
generality. The coefficients Cx, Cy, and Cz give the compres-
sion or dilation in the respective direction of space
�Ci=�iui, i=x ,y ,z�.

From Eq. �A5�, it follows that Cx=Cy as it should be due
to symmetry reasons. The relation between the mechanical
force density A and the coefficients is obtained from Eqs. �3�
and �11�,

Cx = Cy = −
c2Az

2c1�2c1 + 3c2�
, �14�

Cz =
�c1 + c2�Az

c1�2c1 + 3c2�
. �15�

As we can see, this is the same result we also obtain for a
common elastic body. For incompressible systems, which are
characterized by c2→� in the expression for the energy den-
sity �2�, the trace of the strain tensor � correctly tends to
zero,

Tr��� = �ii =
Az

2c1 + 3c2
——→

c2→�

0. �16�

Because of the homogeneous distortion, also the choles-
teric helix gets homogeneously compressed or stretched
along its axis. The change of half of the cholesteric pitch

L=CzL results in a shift of the photonic band gap to smaller
wavelengths for compression and to larger wavelengths for
dilation of the sample, which is proportional to the applied
force density.

We tested the solution �13� numerically up to strains of
magnitude of ±10%. Thereby, we probably exceeded the do-
main of validity of our linearized model, however there was
no indication of an instability.

IV. LATERAL COMPRESSION AND DILATION

A situation of lateral compression and dilation is achieved
by applying external mechanical forces in the x̂ and ŷ direc-
tions to the lateral sample surfaces as depicted in Fig. 3. The
external electric field is set to zero.

Again the surface force densities �per unit area� are de-
noted by A, where now A= �±Ax ,0 ,0� on the surfaces ori-
ented by the surface vectors ŝ= �±1,0 ,0�, A= �0, ±Ay ,0� on
the surfaces oriented by ŝ= �0, ±1,0� and A= �0,0 ,0� on the
surfaces oriented by ŝ= �0,0 , ±1�.

Then we solve the system of partial differential equations
�A1�–�A5� by the following ansatz:

ux�r� = Cxx ,

uy�r� = Cyy ,

uz�r� = Czz ,

nz�r� = 0,


�r� = D
 sin�2q0z� . �17�

As in the previous section, the components of u describe a
homogeneous deformation of the system, where the coeffi-
cients Cx, Cy, and Cz denote the compression or dilation in
the respective direction of space and the origin of the coor-
dinate system is again kept fixed without loss of generality.
nz is set to zero, which means the director does not tilt out of
the planes perpendicular to ẑ as it is also the case for nematic
SCLSCEs under external mechanical stress below a certain
threshold stress �see �16��. 
 satisfies the boundary condi-
tions given in Eq. �8�, as can be seen from Eq. �9�. The
coefficient D
 can be calculated from Eq. �A5�, and the
result reads

D
 =
D2�Cx − Cy�
2D1 + 8K2q0

2 . �18�

In order to find the coefficients in solution �17�, we take into
account the conditions �11�, which the tensor of mechanical
stress from Eq. �3� has to fulfill on the sample surfaces. This
leads us to the following expressions:

Cx = + fgAx − fhAy , �19�

Cy = − fhAx + fgAy , �20�

Cz = −
c2

2c1�2c1 + 3c2�
�Ax + Ay� �21�

with the abbreviations

f = �4c1�2c1 + 3c2��8c1D1 + 32c1K2q0
2 − D2

2��−1, �22�

g = 32c1�c1 + c2��D1 + 4K2q0
2� − �2c1 + c2�D2

2, �23�

h = 16c1c2�D1 + 4K2q0
2� + �2c1 + c2�D2

2. �24�

From Eqs. �17� we see at once that the strain tensor � has
no off-diagonal components. Its trace is given by the sum of
the coefficients Cx, Cy, and Cz and with the help of Eqs.
�19�–�24� it turns out as vanishing for incompressible
systems,

Tr��� = �ii =
Ax + Ay

�2c1 + 3c2�
——→

c2→�

0. �25�

A further remark concerns the mechanical stress tensor

mech. All its off-diagonal components vanish, except for

xy

mech=
yx
mech�sin�4q0z�. However, the latter also vanish on

average, so on average no mechanical shear forces are
involved.

An interesting result is obtained for the angle of director
reorientation around the cholesteric helix axis,

FIG. 3. Lateral compression and dilation by external forces.
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�r� =
2D2�Ay − Ax�

8c1D1 + 32c1K2q0
2 − D2

2 sin�2q0z� . �26�

What is described by this is the beginning of a twisting or an
untwisting of the cholesteric helix as it is known from
LMWLCs, to which an external magnetic field is applied
perpendicularly to the helix axis �see �1��. Here, by twisting
the helix we denote a situation as shown on the left-hand side
of Fig. 4 and by untwisting a situation as depicted on the
right-hand side. The cholesteric pitch is not free to adjust
because of the boundary conditions and because of the cou-
pling to the polymer network.

The expression for 
�r� in Eq. �26� is significant, because
the material parameter D2 plays a decisive role in it. Ther-
modynamic stability requires the denominator to be positive.
So for a positive sign of D2, the prefactor of the sin term
becomes positive if only dilative external forces in the ŷ
direction or only compressive external forces in the x̂ are
applied. The helix is then twisted as shown on the left-hand
side of Fig. 4. If the sign of D2 is negative, the forces have to
be applied just in the opposite directions in order to twist the
helix, that is, a compression in the ŷ or a dilation in the x̂
direction has to be imposed. Other combinations of the signs
of D2 and the external forces lead to an untwisting of the
helix as depicted on the right-hand side of Fig. 4. It should
be noted at this point that the sign of D2 has not been deter-
mined in an experiment so far.

In addition to being twisted or untwisted, the cholesteric
helix also becomes compressed or stretched parallel to its
axis, due to the compression or dilation of the whole elas-
tomer and according to the respective sign of Cz.

If the system is dilated or compressed both in the x̂ and ŷ
directions by equal force densities Ax and Ay, the cholesteric
helix is neither twisted nor untwisted, but the whole sample
gets only homogeneously distorted in accordance with Sec.
III. In particular, the cholesteric helix gets only homoge-
neously compressed or stretched parallel to its axis, respec-
tively. This is the situation of applying two orthogonal exter-
nal mechanical forces perpendicularly to the helix axis as
investigated in �7,8�. There, a linear relationship between the
thickness of the sample and the wavelength �R of the re-
flected circular polarized light irradiated parallel to the cho-
lesteric helix axis was measured. As �R is proportional to the
pitch of the helix 2L, a homogeneous compression of the
cholesteric helix parallel to its axis under the enforced dila-
tion of the elastomer follows from these experiments and
demonstrates the importance of our solution.

Finally, it is worthwhile having a closer look at the am-
plitudes of the components of the displacement field. First,
we find that in Eqs. �19�–�21� the situations of applied me-
chanical forces either in the x̂ or in the ŷ direction are com-
pletely identical as we expect for symmetry reasons.

We then consider the system as being incompressible
�c2→�� and concentrate on a situation in which external
forces are only applied in the x̂ direction �Ay =0�. The com-
pressions and dilations then read

Cx = UxAx = + f̃�32c1�D1 + 4K2q0
2� − D2

2�Ax, �27�

Cy = UyAx = − f̃�16c1�D1 + 4K2q0
2� + D2

2�Ax, �28�

Cz = UzAx = − f̃�16c1�D1 + 4K2q0
2� − 2D2

2�Ax �29�

with

f̃ = �12c1�8c1D1 + 32c1K2q0
2 − D2

2��−1. �30�

What we recognize from these equations is that there are two
kinds of contributions to the compressions and dilations in
the squared brackets. The terms �c1�D1+4K2q0

2� describe a
homogeneous uniaxial compression or dilation of the system
by external forces parallel to the x̂ direction, which leads to a
dilation or compression of half of the magnitude in the ŷ as
well as in the ẑ direction. Such a behavior corresponds to
that of a macroscopically isotropic body. However, our sys-
tem is not isotropic; on average there is one special direction
marked by the helix axis. This is expressed by the terms �D2

2

in the squared brackets: In the direction parallel to the helix
axis, that is, in ẑ direction, the imposed distortion is by the

amount 3 f̃D2
2Ax smaller than in the ŷ direction, perpendicular

to the helix axis. That means the cholesteric helix slightly
impedes the imposed distortion, and thus the system is a little
bit stiffer in the direction parallel to the cholesteric helix axis

than perpendicular to it � f̃ �0 for reasons of thermodynamic
stability�. It is very interesting that the coupling parameter
D2 plays this significant isolated role in the behavior of the
system, as so far there is no experimental setup known where
D2 is directly accessible. That is the reason why the value of
D2 has not been measured so far.

For practical purposes, this means the following: In an
experiment the coefficients Ux, Uy, and Uz can be directly
measured, where Uz becomes accessible, for example, by the
methods used in �7�. From that,

U1 = Ux + 2Uz = − �Ux + 2Uy� = 3 f̃D2
2 �31�

can be calculated. On the other hand, we realize that Eq. �26�
may be written in the form


�r� = − 24c1 f̃D2Ax sin�2q0z� = − U2Ax sin�2q0z� . �32�

Here, U2 should be accessible by x-ray measurements. De-
fining the angle of the local director orientation as

FIG. 4. Beginning of twisting and untwisting of the cholesteric
helix as given by 
�r� in Eq. �26�.
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��r� = arctan�ny�r�
nx�r�

� , �33�

U2 can be determined with the help of the distribution func-
tion f���, which for small values of U2Ax becomes

f��� =
1

q0d
�1 + 2U2Ax cos�2��� + O��U2Ax�2� . �34�

From the results the ratio

U1

U2
=

D2

8c1
�35�

can be calculated and finally D2 can be derived, obtaining c1
by common techniques without a significant mistake. Further
measurements on samples with different pitches and there-
fore different wave numbers of the cholesteric helix q0 could
then give information about the material parameters D1 and
K2, the values of which have also not been measured yet.

Because of the symmetry of the system, the whole proce-
dure can also be conducted by external forces applied only in
the ŷ direction �Ax=0�, however then U2 changes sign as can
be inferred from Eq. �26�.

We have shown in this calculation that the coupling be-
tween the relative rotations and the strain tensor, represented
by the material parameter D2 in the above equations, leads to
an anisotropy of the overall strain of the system. We empha-
size that our results were obtained for the case of an isotropic
elastic behavior of the polymer network. If, however, an an-
isotropic elastic response of the polymer network prevails,
the resulting effects could quantitatively exceed the aniso-
tropic behavior caused by the coupling to the director. As the
absolute value of D2 can be quite small compared to the
elastic coefficients, this must be taken into account when a
corresponding experiment is performed.

V. EXTERNAL ELECTRIC FIELD PARALLEL
TO THE HELIX AXIS

In this section, we want to investigate the geometry we
already depicted in the beginning in Fig. 1. No external me-
chanical forces are imposed on the system, however a static
external electric field is applied parallel to the cholesteric
helix axis. We suppose the material to be a perfect electric
insulator, and that �a�0 in Eq. �2�, which means that the
director tends to align parallel to the electric field.

First we want to treat the problem as only z-dependent,
which means that we are looking for solutions that are ho-
mogeneous over the whole sample in lateral directions, that
is, in the x̂ and ŷ directions. After that, we will show that,
depending on the material parameters, laterally inhomoge-
neous solutions can be energetically favored over the homo-
geneous solution.

A. Laterally homogeneous solution

Looking for only z-dependent solutions, we can set �x
�0��y in Eqs. �A1�–�A5� or equally kx=0=ky in ansatz
�10�. Concerning the boundary conditions for the director,
we want to treat the situation in somewhat more generality

than in the previous sections. Strong anchoring of the direc-
tor at z=0 and z=d is maintained, however all pitches of the
cholesteric helix are allowed in the ground state independent
of the sample thickness d. So Eq. �8� becomes

n̂�z = 0� � �1

0

0
� and

n̂�z = d� � �nox�d�
noy�d�

0
� � �cos�q0d�

sin�q0d�
0

� , �36�

where

q0 = m
�

d
, m � R , �37�

in contrast to Eq. �9�. Additionally, we require

uz�z = 0� � uz�z = d� � 0 �38�

as another boundary condition �see the remarks after Eq.
�12��, but this does not have to be done explicitly because we
are looking for only z-dependent solutions: We infer from
Eqs. �A1�–�A5� that the variables uz�z� and 
�z� now com-
pletely decouple from the respective other variables and, tak-
ing into account Eq. �36� and minimizing F, we can set them
equal to zero,

uz�z� = 0, �39�


�z� = 0. �40�

Furthermore, no tangential mechanical shear stresses should
occur on the surfaces of the sample at z=0 and z=d. This
means that the components 
xz

mech=
zx
mech and 
yz

mech=
zy
mech of

the mechanical stress tensor have to vanish on these surfaces.
We therefore obtain as boundary conditions

��zux��z = 0� � ��zux��z = d� � 0, �41�

��zuy��z = 0� � ��zuy��z = d� � 0. �42�

Searching for only z-dependent solutions, we can now
solve the remaining system of Eqs. �A1�, �A2�, and �A4�
explicitly. Making use of the boundary conditions �41� and
�42� leads us to the general solution of Eqs. �A1� and �A2�,
which is given by

��zux� =
�

�
noxnz, �43�

��zuy� =
�

�
noynz, �44�

with the abbreviations

� = −
1

2
�D1 + D2� , �45�
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� =
1

4
�4c1 + D1 + 2D2� . �46�

Substituting this into Eq. �A4�, we obtain an ordinary differ-
ential equation for nz,

�− �aE2 + D1 + K3q0
2 −

�2

�
�nz − K1��z

2nz� = 0. �47�

In order to satisfy the boundary conditions resulting from Eq.
�36�, we solve this differential equation by a Fourier series,
keeping only the sin terms,

nz = �
n�N

Nn sin�n
�

d
z� . �48�

There always exists the trivial solution of Eq. �47� where all
the Nn vanish and nz�0. For small amplitudes of the electric
field E this is the only possible solution in real space. How-
ever, when E reaches a certain threshold value Ec, nontrivial
solutions of Eq. �47� exist and lead to a lower energy of the
system than does nz�0. In our case, this threshold value
corresponds to the mode of n=1 in Eq. �48�, and it is given
by

�aEc
2 = K1��

d
�2

+ K3q0
2 +

4c1D1 − D2
2

4c1 + D1 + 2D2
. �49�

The value of the amplitude of the external electric field
given by this expression is the lowest value of �E� for which
we expect a deviation of the system from its ground state on
the basis of the linear stability analysis we performed here.
The final solution of the set of Eqs. �A1�–�A5� for E=Ec is
then obtained by integration of Eqs. �43� and �44� as

ux = N1
�

2�� cos��q0 −
�

d
�z�

q0 −
�

d

−

cos��q0 +
�

d
�z�

q0 +
�

d
� ,

�50�

uy = N1
�

2�� sin��q0 −
�

d
�z�

q0 −
�

d

−

sin��q0 +
�

d
�z�

q0 +
�

d
� ,

�51�

nz = N1 sin��

d
z� , �52�

where N1 is the amplitude of director reorientation and re-
mains undetermined in a linear stability analysis.

So what we found is a critical threshold value of the
electric-field amplitude Ec, at which the original orientation
of the director becomes unstable with respect to a tilting of
the director out of the planes perpendicular to the helix axis.
As all the terms in Eq. �49� are positive because of condi-
tions of thermodynamic stability, there are four competing
effects: On the one hand, the external electric field tends to

align the director parallel to itself, which would lead to a
tilting of the director out of its original position. This is given
by the left-hand side of Eq. �49�. On the other hand, there are
three effects that try to keep the director fixed in its ground-
state position and thus within the planes perpendicular to the
helix axis. These effects show up in the terms on the right-
hand side of Eq. �49�.

First the boundaries of the system impose a torque that
acts to fix the director in its original position as known from
the common Fréedericksz transition in the case of nematic
LMWLCs �see �1�� and from the Fréedericksz-like or undu-
latory instabilities predicted for nematic SCLSCEs �see
�17,18��. It is the term K1� �

d
�2 that expresses this effect. Its

contribution is due to a splay deformation of the director
field, and its influence vanishes with increasing distance of
the boundaries d in the same way as known from the Fréed-
ericksz transition for nematic LMWLCs. Secondly, the
cholesteric helix structure of the director opposes a reorien-
tation of the director by a bend deformation of the director
field, given by the term K3q0

2. The more pronounced the cho-
lesteric structure, the larger q0

2, and the larger is the influence
of this effect. As a third effect, the coupling of the director to
the polymer network also increases �Ec�, which is included by
the last term on the right-hand side of Eq. �49�. It arises
because due to this coupling, the polymer network has to be
deformed as implied by Eqs. �50� and �51� when the director
is reoriented.

The first two of the three effects contributing to the right-
hand side of Eq. �49� also show up for a common cholesteric
LMWLC in the same geometry. This case is included in our
equations and occurs if the coupling between director and
polymer network vanishes, which means D1→0 and
D2→0. We then obtain from Eq. �A4� an instability in the
corresponding LMW system,

nz�z� = N1 sin��

d
� , �53�

at a critical electric threshold field given by

�aEc
2 = K1��

d
�2

+ K3q0
2. �54�

If we want to estimate values of the critical field ampli-
tude from Eq. �49�, we consider the third term on the right-
hand side being the dominating one. Assuming c1�−D2 /2
as it seems appropriate for common cholesteric SCLSCEs,
this term strictly increases for growing values of D1. In the
limit of D1→�, we obtain the same result as was found for
nematic SCLSCEs in �17�,

�Ec� � 2�c1

�a
. �55�

For typical values of c1 in the range of 104–106 Pa and for
�a=�0, this yields maximal values for the amplitude of �Ec� in
the range of 70–700 V

�m, and for �a=10�0 in the range of
20–200 V

�m. If we set more realistically D1=104 Pa, for ex-
ample, we obtain �Ec � 
30 V

�m in the case of �a=�0 and
�Ec � 
10 V

�m in the case of �a=10�0, quite independently of

CHOLESTERIC ELASTOMERS IN EXTERNAL MECHANICAL… PHYSICAL REVIEW E 75, 011707 �2007�

011707-9



the values of c1 and D2. These are field amplitudes that cer-
tainly can be realized in an experiment nowadays.

As we can see from Eqs. �50� and �51�, the cases
q0= ± �

d , where the cholesteric helix makes exactly one-half
turn from one boundary at z=0 to the other at z=d, are
special. In these cases, with nz=N1 sin� �

d
�, we obtain by

integrating Eqs. �43� and �44� and from Eq. �49�,

ux = � N1
�

4q0�
�cos�2q0z�� , �56�

uy = ± N1
�

4q0�
�2q0z − sin�2q0z�� , �57�

nz = ± N1 sin�q0z� , �58�

�aEc
2 = �K1 + K3�q0

2 +
4c1D1 − D2

2

4c1 + D1 + 2D2
. �59�

Calculating the expressions for ux and uy by taking the limit
q0→ ± �

d in Eqs. �50� and �51�, one term in the expression for
ux diverges,

lim
q0→±�/d

cos��q0 �
�

d
�z�

q0 �
�

d

= lim
a→0

cos�az�
a

= lim
a→0

1

a
= � .

�60�

However, this divergent term does not depend on the value
of z, and as here only the spatial derivative of ux in the ẑ
direction is important for the physical behavior of the sys-
tem, we may drop this term.

In closing this subsection, we want to have a closer look
at the mechanical deformation of the elastomer. The solu-
tions obtained here are only z-dependent and thus constant
within the planes perpendicular to the helix axis. As uz van-
ishes over the whole sample, the mechanical deformation of
the elastomer is then identical to a shearing of the different
layers perpendicular to the helix axis against each other. We
can calculate the shear S of the boundary layer at z=d
against the boundary layer at z=0 by using Eqs. �50� and
�51�,

S = Dxx̂ + Dyŷ , �61�

where

Dx = ux�d� − ux�0� = − N1
�

�

�

d

1

q0
2 − ��

d
�2 �1 + cos�q0d�� ,

�62�

Dy = uy�d� − uy�0� = − N1
�

�

�

d

1

q0
2 − ��

d
�2 sin�q0d� . �63�

In the case of q0= ± �
d we obtain

Dx = ux�d� − ux�0� = 0, �64�

Dy = uy�d� − uy�0� = ± N1
�

2�
d . �65�

With the help of these equations, we can identify the follow-
ing special cases for S:

�i� S = 0 if q0 = m
�

d
, m = ± 3, ± 5, . . . ,

�ii� S	x̂ if q0 = m
�

d
, m = ± 2, ± 4, . . . ,

�iii� S	ŷ if q0 = ±
�

d
.

If we now consider for example a system fulfilling the
condition q0= ± �

d and if the amplitude N1 of the director
reorientation nz can be measured, the value of

S̃ =
�

2�
= −

D1 + D2

4c1 + D1 + 2D2
�66�

can be determined from Eq. �65�. With the assumption that
D2�c1, which seems appropriate for common SCLSCEs,
and c1 measured in another experiment, D1 can then be
estimated by

D1 = −
D2�1 + 2S̃� + 4c1S̃

1 + S̃



D2�c1

−
4c1S̃

1 + S̃
. �67�

B. Laterally inhomogeneous solutions

Finally, we studied solutions that also depend on the x
and/or y coordinate, in addition to the z coordinate, by intro-
ducing ansatz �10� into the set of partial differential equa-
tions �A1�–�A5�. These solutions are characterized by undu-
lations of the director orientation as well as of the
displacement of the polymer network in at least one of the
lateral directions x̂ and ŷ. Furthermore, the displacement of
the polymer network parallel to the helix axis given by uz
and the reorientation of the director around the helix axis
described by 
 do not decouple from the other variables.
Because of this, the solutions inspected in the following dif-
fer qualitatively from the laterally homogeneous solution of
the previous subsection.

The resulting set of z-dependent ordinary differential
equations was solved numerically for different values of the
material parameters and of the lateral wave numbers kx and
ky. For this purpose, we chose the sign of the dominant
second-order z derivatives in Eqs. �A1�–�A5� to be positive
and used a relaxation method. Thereby, the resulting equa-
tions were dominated by the diffusive terms and were devel-
oped forward in time according to the FTCS scheme �see
�19�� on a discrete lattice of N+1 points with a lattice con-
stant dz. We mainly investigated situations that correspond to
a sample thickness of d=25 �m by setting N=250 and
dz=10−7.
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The material parameters in our numerical studies were
chosen as follows: For the Frank constants, we assumed dif-
ferent values of about 10−10 Pa, which is one order of mag-
nitude larger than typical corresponding LMW values.
Thereby, the influence of the exact values of the Frank con-
stants was found to be negligible. The behavior of the system
is dominated by the material parameter c1 associated with the
elastic behavior of the polymer network, and by the two
material parameters D1 and D2 that determine the coupling
of the director to the polymer network. We varied c1 in the
range of 104–106 Pa, which corresponds to typical values for
common networks, and we set D1=104 Pa, so that D1 be-
comes neither much smaller than �D2� nor much larger than
c1 �to our knowledge, so far only for one specific nematic
SCLSCE has the ratio of D2

2 /D1 been estimated to be
roughly 5�104 Pa, see �20��. D2 was then varied over the
whole range of values allowed by the thermodynamic stabil-
ity condition D2

2�4c1D1. On the other hand, the influence of
the material parameter c2 associated with the compressibility
of the system was found to be quite small. Increasing c2 over
four orders of magnitude affected the amplitude of the criti-
cal external field by not more than a few percent, no matter
whether c2�c1 or c2�c1. In order to account for the low
compressibility of common SCLSCEs, we always chose
c2=104c1 in what follows. Flexoelectric effects were
neglected, that is, we set e1 and e2 equal to zero.

As boundary conditions we again assumed the director to
be strongly anchored in the x̂ direction at the surfaces of the
system as given by Eq. �8�. This implies q0=m �

d with
m= ±1, ±2, . . . as indicated by Eq. �9�. To simplify the nota-
tion, we will restrict ourselves to positive values of q0 in the
following. Concerning the displacement field, we kept the
conditions of the previous section given by Eqs. �38�, �41�,
and �42�.

By means of linear stability analysis, we could then de-
termine the amplitude of the critical electric field necessary
in order to realize a certain solution with wave numbers kx
and ky for the given set of material parameters. In particular,
we could compare this amplitude with the corresponding
value for the laterally homogeneous solution given by Eq.
�49�. From this comparison we can infer whether there exist
situations in which at onset an instability including lateral
undulations in the x̂ and/or ŷ direction occurs instead of the
laterally homogeneous instability of the previous section.

Some of the results obtained in this way are depicted in
Figs. 5�a�–5�f�. They show maps in the D2-c1 plane for dif-
ferent values of q0 indicated in the figures, keeping the
sample thickness d=25 �m fixed. On the ordinate, we give
the respective value of the material parameter c1 on a loga-
rithmic scale, where c1 ranges from 104 to 106 Pa as de-
scribed above. The special form of the maps results as the
abscissa labels on a linear scale the values of D2, which for

FIG. 5. Maps of the D2-c1 plane in which we indicated by the dark area regions where we expect undulations at onset with certainty.
�a�–�c� show a series of increasing q0 for kx�0 and ky =0, �d�–�f� for kx=0 and ky�0. In the respective map, c1 increases vertically from
104 to 106 Pa on a logarithmic scale; horizontally we label D2 on a linear scale in the range of thermodynamic stability. The nonzero values
of the lateral wave numbers were chosen to minimize the amplitude of the critical external electric field; the values of the remaining
parameters were set at fixed values as discussed in the text.
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the respective value of c1 are limited by the condition of
thermodynamic stability D2

2�4c1D1. The black lines indicate
D2=0. In Figs. 5�a�–5�c�, we refer to solutions with ky =0
and nonvanishing values of kx as specified in the respective
figures; in Figs. 5�d�–5�f�, to solutions with kx=0 and non-
vanishing values of ky. For comparison, in figures corre-
sponding to systems of the same cholesteric pitch, the values
of the nonzero wave numbers kx and ky were taken to be
equal, and they were chosen to minimize the amplitude of
the critical external electric field �Ec�. Of course, the latter
cannot be achieved by exactly one value of kx or ky over the
whole range of c1 and D2, but this fact is negligible for what
we want to demonstrate here: In the darker regions of Figs.
5�a�–5�f�, we find undulatory instabilities with wave num-
bers as indicated to have a lower �Ec� than the laterally ho-
mogeneous instability. Therefore, we are sure that in these
regions at onset an undulatory instability will be observed
instead of the laterally homogeneous one. The differences in
�Ec� for the two types of solutions thereby can get quite re-
markable as we recorded values for the undulatory instabili-
ties, which were about 25% lower than the corresponding
values for the laterally homogeneous instability in the
parameter range inspected.

When decreasing the cholesteric pitch or increasing the
cholesteric wave number q0, respectively, we detected an in-
crease of the value of �Ec� of the respective undulatory insta-
bility compared to the homogeneous solution. This is also
reflected by Figs. 5�a�–5�c� and 5�d�–5�f�, where in this order
the area of the dark regions gets smaller, respectively. As
indicated in the figures, we also observed a decrease of the
values of the lateral wave numbers at which the minimum of
�Ec� occurs with increasing q0.

For every set of values for the material parameters in-
spected, we determined the nonzero critical wave numbers kx
or ky to be of the order of q0. Furthermore, we always found
those undulations most favored that appear perpendicular to
the orientation of the strongly anchored director at the sys-
tem boundaries. Situations of kx�0 and ky =0 or those in
which both kx and ky are nonzero were always found to have
a larger value of �Ec� than those of kx=0 and ky �0. This
shows up in Figs. 5�a�–5�f�, where in maps corresponding to
systems with the same cholesteric pitch, the dark regions are
always larger in area for kx=0 than for ky =0.

As a main result also represented by Figs. 5�a�–5�f�, we
find that regions where we expect an undulatory instability at
onset only occur when the value of the material parameter D2
is negative. Actually we did not observe any undulations at
onset for any set of material parameters as long as D2 was
positive. Our explanation for this fact is the following: In the
maps of Figs. 5�a�–5�f�, the areas of undulatory instabilities
at onset are always located around the line of D2=−D1. This
value of D2, however, is special. If we inspect Eqs.
�A1�–�A5� setting D2=−D1, we find for the laterally homo-
geneous solution that not only uz and 
 decouple from the
other variables and vanish as given by Eqs. �39� and �40�, but
also the lateral components of the displacement field ux and
uy decouple from nz. As nz, which describes the tilting of the
director out of the planes perpendicular to the helix axis, is
the only variable directly connected to the external electric
field, we can set ux�0 and uy �0. Because of that, the

laterally homogeneous solution and the expression for the
corresponding critical external electric field in Eqs. �39�,
�40�, and �49�–�52� now turn into the simple form of

u � 0 , �68�

nz = N1 sin��

d
z� , �69�


 � 0, �70�

�aEc
2 = K1��

d
�2

+ K3q0
2 + D1. �71�

Furthermore, the strain tensor and the tensor describing the
rigid rotations of the polymer network vanish, ��0��, so

that the relative rotations read �̃= �0,0 ,nz�. This makes the
magnitude of the relative rotations become very large, which

increases the value of the term 1
2D1�̃i�̃i in the energy den-

sity F of the system in Eq. �2�. In contrast, the term

D2�̃i�ijnj vanishes due to ��0. However, apart from some
terms included in F0� and those terms containing the external
electric field, this is the only term in the expression for F that
is not positive definite. Altogether these facts lead to an in-
crease of the energy of the system F and thus of the ampli-
tude of the critical external electric field �Ec� compared to the
cases in which D2 clearly differs from −D1. On the contrary,
if the system is undulated, none of the variables completely
decouples from nz. Then, by nonvanishing components of the
tensors � and �, the magnitude of the relative rotations can
be lowered. Because of that the contribution of the positive

definite term 1
2D1�̃i�̃i in the energy density decreases, and

additionally the term D2�̃i�ijnj can further reduce the energy
of the system F. Both effects resulting from undulations in
the system can lead to a lower value of �Ec� than the one
expected for the laterally homogeneous solution. Due to
these reasons, undulations should really occur at onset if the
value of D2 is close to −D1.

For practical purposes, this means that an experiment can
indicate the sign of the material parameter D2: If undulations
are detected at onset, it is quite certain that for the sample
under investigation, D2 is negative. This is important because
the sign of D2 has not been determined so far. Furthermore,
we find that the occurrence of the undulations in cholesteric
SCLSCEs is really governed in the first place by the kind of
coupling of the director to the polymer network described by
the material parameters D1 and D2. Without this coupling,
which implies vanishing values of D2, undulations are not
expected at onset, as can also be seen from Figs. 5�a�–5�f�.

The reason why we do not find any undulations for large
values of c1 can now also be explained. Undulatory instabili-
ties imply a distortion of the polymer network and thus non-
vanishing components of the strain tensor �. In particular,
these components enter the expression for the energy density
F in Eq. �2� by the positive definite terms c1�ij�ij. If the
coefficient c1 becomes too large, the values of the energy of
the system F and the amplitude of the critical external elec-
tric field �Ec� increase over the corresponding values for the
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laterally homogeneous solution. So then the laterally homo-
geneous instability arises at onset in the case of D2=−D1,
also shown by the maps in Figs. 5�a�–5�f�. What this means
is that within our approach there is a clear indication
that theoretically cholesteric SCLSCEs could be synthesized
that allow the reorientation of the director without any
macroscopic distortion of the polymer network.

If in our equations we take the limit of an infinite choles-
teric pitch or of a vanishing wave number q0, respectively,
we end up with the situation of a nematic SCLSCE in a
classical splay geometry. The latter situation was investi-
gated in �17�. There, undulatory instabilities likewise are ex-
pected only for one specific sign of D2. Furthermore, if in the
respective equations of �17� we also investigate the case of
D2=−D1, we find that theoretically it should be equally pos-
sible to synthesize nematic SCLSCEs allowing the reorien-
tation of the director without any macroscopic distortion of
the polymer network.

After that, we want to have a short look at the spatial
symmetries of the z-dependent part of the solutions, denoted
by the � in ansatz �10�. We find from Eqs. �A1�–�A5� and
from our numerical investigations in the case of q0= �

d the
spatial symmetries as listed in the following table:

ũx�z� ũy�z� ũz�z� ñz�z� 
̃�z�

kx�0, ky =0 � � � � �

kx=0, ky �0 � � � � �

Here “�” means “symmetric in the ẑ direction with respect
to z= d

2” and “�” means “antisymmetric in the ẑ direction
with respect to z= d

2 .” If both kx�0 and ky �0, the symme-
tries get mixed up.

We give an example for the z-dependent part of the
solutions obtained for q0=2 �

d , kx=0, ky =7.5q0, c1=105 Pa,
and D2=−�c1D1 in Fig. 6. The amplitudes of the variables
were rescaled as indicated in the caption of the figure. One of
the amplitudes remains undetermined in a linear stability
analysis.

At last, in order to study the effect of an increasing cho-
lesteric wave number q0, we chose kx=0, c1=104 Pa, as well

as D2=−�c1D1, and again the sample thickness was kept
fixed at d=25 �m. As can be seen from Figs. 5�d�–5�f�, these
values of the material parameters strongly favor the undula-
tions to occur. We increased q0 from �

d to 10�
d by steps of �

d
in order to satisfy the boundary conditions, and the results
we obtained are depicted in Fig. 7. What we observed is that
on the one hand the lateral wave number ky,c describing the
solution with the minimal amplitude of the corresponding
external electric field increases with increasing q0 as depicted
by the first set of data points. On the other hand, the second
set of data points once again shows that with increasing
q0, the undulatory solution becomes less favored with respect
to the laterally homogeneous solution. The values of the
points give the ratio of �aEc

2�ky =ky,c� determined numerically
for the undulatory instability to the respective value of
�aEc

2�ky =0� for the laterally homogeneous solution calcu-
lated from Eq. �49�. Considering the absolute values of
�aEc

2�ky =ky,c� for the undulatory solutions, we found an in-
crease approximately linear in q0, in contrast to the laterally
homogeneous solution where the term K3q0

2 in Eq. �49� leads
to an increase quadratic in q0.

Interestingly, decreasing the sample thickness from
d=100 to 5 �m with the same values of the material param-
eters and a constant value of q0= �

d induces an approximately
quadratic increase of �aEc

2�ky =ky,c�, which is also the case for
the laterally homogeneous solution due to the term K1� �

d
�2 in

Eq. �49�.

VI. SUMMARY, DISCUSSION, AND CONCLUSION

In this paper, we studied the reaction of cholesteric
SCLSCEs to static external mechanical compressive and di-
lative forces applied parallel or perpendicular to the choles-
teric helix axis. Furthermore, the reaction of cholesteric
SCLSCEs to a static external electric field oriented parallel
to the helix axis was investigated.

Concerning the compressive and dilative strain applied
parallel to the helix axis �Fig. 2 and Sec. III�, we predict a
homogeneous deformation of the whole system. Thereby the
cholesteric helix is homogeneously compressed or stretched

FIG. 6. Example for the z-dependent part of
the laterally inhomogeneous solution in the case
of q0=2 �

d . In the plot ũx�z�, ũy�z�, ũz�z�, ñz�z�,
and 
̃�z� were rescaled by 2Ã�10−8 m,

2Ã�10−7 m, 2Ã�10−6 m, 30Ã, and Ã, respec-

tively, where Ã denotes the amplitude of 
̃�z�.
The material parameters were selected as speci-
fied in the text.
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and its pitch changes proportionally to the external force
density. The displacement fields of the polymer network are
not influenced by the liquid crystalline component at all and
have the same analytical form as for a conventional elastic
body.

In contrast, external compressive and dilative forces ap-
plied in only one direction perpendicular to the helix axis
�Fig. 3 and Sec. IV� lead to an anisotropic deformation of the
system. We showed for incompressible systems that, due to
the influence of the liquid crystalline structure, the induced
deformation parallel to the cholesteric helix axis is hindered
with respect to the resulting deformation perpendicular to
both the helix axis and the external force. The decisive ma-
terial parameter controlling this anisotropy is the coefficient
D2 of the coupling between the strain of the polymer network
and the relative rotations between director and polymer net-
work. In addition to the anisotropic deformation of the elas-
tomer, a twisting or untwisting of the cholesteric helix arises
�Fig. 4�. As pointed out, both effects together offer the
possibility of experimental access to the so far undetermined
material parameter D2. In this connection, it has to be noted
that our calculations were performed assuming an isotropic
elastic behavior of the polymer network, and that an aniso-
tropic elastic response of solely the polymer network
can mask this effect. Compression and dilation of the system
in both directions perpendicular to the helix axis by equal
force densities lead to a homogeneous stretching or compres-
sion of the cholesteric axis, which is consistent with the
experiments already performed �7,8�.

In the case of an external electric field applied parallel to
the helix axis �Fig. 1 and Sec. V�, we detected a threshold
value of the field amplitude at which the ground-state con-
formation of the system becomes unstable with respect to an
instability. At onset we found two qualitatively different
types of instabilities, one of which takes place homoge-
neously over the whole sample in the directions perpendicu-
lar to the cholesteric helix axis �Sec. V A� while the other
one corresponds to undulations in these directions �Sec.
V B�. As a reorientation of the director, the first of these two
instabilities only contains a tilting of the director out of the

planes perpendicular to the cholesteric helix axis. We showed
that the boundaries of the system, the cholesteric helical
structure, and the coupling to the polymer network oppose
this reorientation of the director, whereas its amplitude re-
mains undetermined in the linear stability analysis performed
here. Together with the reorientation of the director, a shear-
ing of the layers perpendicular to the helix axis occurs, from
which the value of the so far undetermined material param-
eter D1 could be estimated. The other type of instability is
characterized by undulations perpendicular to the cholesteric
helix axis that result from the coupling of the director orien-
tation to the deformations of the polymer network. Here,
additionally a distortion of the elastomer parallel to the helix
axis and a reorientation of the director within the planes per-
pendicular to the helix axis occur. Low values of the elastic
coefficient c1 favor undulations, and furthermore we only
found this undulatory type of instability to have a lower am-
plitude of the corresponding threshold field than the laterally
homogeneous instability for negative values of the material
parameter D2. So in an experiment the observation of undu-
lations at onset in general indicates a negative sign of this
material parameter for the sample investigated �the sign of
D2 has not been determined up to now�. For a situation in
which the director is strongly anchored at the top and the
bottom of the sample with the same orientation, we found
that undulations perpendicular to this direction of anchoring
are favored. Small cholesteric pitches favor the laterally ho-
mogeneous instability at onset. Our results are consistent
with those obtained in the limit of large cholesteric pitches,
where we end up in the case of the splay geometry of nem-
atic SCLSCEs, a situation that was investigated in �17�. Fi-
nally we concluded that theoretically it should be possible to
synthesize cholesteric and nematic SCLSCEs in which only
the director is reoriented when the sample is put into an
external electric field, whereas the polymer network is not
macroscopically distorted. This case can occur if the material
parameter D2 takes the value of −D1.

We want to add three short remarks. First, in our macro-
scopic description, the boundary conditions play an impor-
tant role concerning the form of the respective solution.

FIG. 7. Increase of the lateral wave number
ky,c, which minimizes the amplitude of the
critical external electric field �Ec�, and increase
of the ratio �aEc

2�ky =ky,c� /�aEc
2�ky =0� for

kx=0 when increasing q0. The values of ky,c

were determined to an accuracy of �

2d , those
of �aEc

2�ky =ky,c� /�aEc
2�ky =0� to an accuracy

of 0.001. Labels on the left of the frame
correspond to ky,c, those on the right to
�aEc

2�ky =ky,c� /�aEc
2�ky =0�.
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However, we are sure that the boundary conditions chosen
reflect the actual constraints in corresponding experimental
setups and/or can easily be realized.

The second remark is that although we were discussing
static external fields, this does not mean that our results
could not describe qualitatively the reaction of the systems to
external fields varying in time. As long as the frequency of
an oscillating external field is small enough so that the direc-
tor associated with the orientational order can reorient prop-
erly, our results should reflect the reaction of the respective
system in a correct way.

Furthermore, as we noted in Sec. II, in our description we
concentrated on the behavior of cholesteric SCLSCEs far
away from a phase transition. In order to characterize, for
example, the behavior of the systems at the isotropic to cho-
lesteric phase transition, the second-rank order parameter
tensor Q must be included into the description �see, e.g., �1��.
Taking into account this tensor and the strain tensor as mac-
roscopic variables, the isotropic to cholesteric transition of a
side-chain liquid crystalline elastomer swollen with a LMW
liquid crystalline solvent has been investigated in �21�. The
authors find the possibility of a conical structure of the cho-
lesteric helix in the swollen liquid crystalline gel. This situ-
ation differs from the one we investigated in the present pa-
per, where we focused on unswollen elastomers that show a
monodomain Grandjean texture in the liquid crystalline
phase as an energetic ground state and that have been
synthesized, for example, according to �5,6�.

Finally, we want to point out that, apart from the macro-
scopic description of SCLSCEs presented here, there also
exists a completely different approach to these materials us-
ing a semimicroscopic model. Its basics can be found, for
example, in �22�. There, an anisotropic Gaussian distribution
function for the end-to-end vectors of the polymer chains
between cross-linking points is assumed, where the aniso-
tropy results from the orientation of the mesogenic units.
With the help of this distribution function, an expression for
the free-energy density is derived, which implies incom-
pressibility from the beginning. Entanglements of the poly-
mer chains are not included. This model already contains
certain nonlinearities, and furthermore there is only one
independent parameter.

By this approach, similar geometries to the ones studied
here were investigated for cholesteric SCLSCEs �see �23��.
In addition, experiments on the deformation of the choles-
teric helix by external mechanical forces applied perpendicu-
lar to the cholesteric helix axis were performed �see �24��.
The results of these experiments are in agreement with the
results of our calculations.

The major limitation of the semimicroscopic inspections
is, however, that thereby obtained solutions are spatially ho-
mogeneous. Therefore, the qualitatively new solution of an
undulatory instability predicted here has not been obtained
by using the semimicroscopic model. In addition, the influ-
ence of the system boundaries is not included as a constraint
imposed only onto the surfaces, nor are the effects of the
classical Frank distortion energy incorporated. However, for
systems in which the director is fixed at the boundaries,
terms resulting from these contributions to the internal en-
ergy are essential. Furthermore, in the investigation of

cholesteric SCLSCEs �see �23��, the cholesteric structure is
only accounted for as a rotated nematic layer structure. If we
look at the situation of an external electric field applied par-
allel to the helix axis of a cholesteric SCLSCE, this would
mean that in our expression for the threshold field of director
reorientation in Eq. �49�, the first two terms would be miss-
ing. However, these are the terms we already expect for
LMWLCs in the same geometry. If we then, for comparison,
also incorporate another consequence of the semimicro-
scopic model, namely “soft elasticity” of SCLSCEs, we have
to set D2

2=4c1D1 for the material parameter that couples
strain of the polymer network to the relative rotations. By
this, the value of D2 is pushed to the boundaries of the region
of thermodynamic stability. As a consequence, there result
“soft” deformations of liquid crystalline elastomers in gen-
eral, which do not change the free energy of the system �see
�25��, whereas in �23� no “soft” deformations were found for
cholesteric SCLSCEs in the geometries inspected.

On the whole, this would lead to a completely vanishing
threshold field in Eq. �49�, and this is exactly what is pro-
posed in �23�, where the influence of an external electric field
applied parallel to the cholesteric helix axis is studied theo-
retically. However, we know already from the Fréedericksz
transition of nematic LMWLCs in the corresponding geom-
etry that there exists a critical threshold field for director
reorientation in the case of nonvanishing anchoring of the
director at the boundaries. When in addition director reorien-
tation is restricted due to a cholesteric helical structure and
coupling to a polymer network, it would be very surprising
if the amplitude of the threshold field were even lower.
Therefore, we believe that the approach to the situation by
using a macroscopic continuum model is the appropriate one
describing the experimental realization of the geometries
investigated.

To conclude, it would be of major interest to check in an
experiment whether a threshold value of an external electric
field applied parallel to the cholesteric helix axis can be de-
tected and whether the undulatory instabilities predicted here
theoretically can be found. Furthermore, the proposed ex-
perimental access to the material parameters can help to
reveal their values, most of which are still unknown so far.
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APPENDIX A: VARIATIONAL DERIVATIVES
OF THE ENERGY DENSITY

In Eq. �7�, the energy density from Eq. �2� is expressed by
the five independent variables ux, uy, uz, nz, and 
 up to
quadratic order. Here we list the variational derivatives of the
energy density F=�F d3r with respect to these five variables,
neglecting energetic surface contributions,
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� + nox��x�ynz� − noy��x

2nz���

+ K3
q0nox�noxnoy��y
� + nox
2 ��x
� + q0noxnz� + q0noy�noxnoy��x
� + noy

2 ��y
� + q0noynz�

− �nox
2 ��x

2nz� + 2noxnoy��x�ynz� + noy
2 ��y

2nz��� , �A4�

0 =
�F
�


= D1�
 +
1

2
���yux� − ��xuy��� + D2�noxnoy�− ��xux� + ��yuy�� +

1

2
�nox

2 − noy
2 ����xuy� + ��yux���

− E�e1 − e2�
nox��ynz� − noy��xnz�� − K1
nox�nox��y
2
� − noy��x�y
� + ��y�znz�� − noy�nox��x�y
� − noy��x

2
� + ��x�znz���

+ K2
− ��z
2
� + nox��y�znz� − noy��x�znz� − q0nox��xnz� − q0noy��ynz�� − K3„noxnoy�noxnoy���x

2
� + ��y
2
�� + ��x�y
�

+ q0nox��ynz� + q0noy��xnz�� + nox
2 �noxnoy��x�y
� + nox

2 ��x
2
� + q0nox��xnz��

+ noy
2 �noxnoy��x�y
� + noy

2 ��y
2
� + q0noy��ynz��… . �A5�
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APPENDIX B: ELECTROSTRICTIVE EFFECTS

As mentioned in the main text, in this appendix we want
to study the effect of the electrostrictive term �̃ijkl

E EiEj�kl of
the energy density F in Eq. �2�. Therefore, we expand the
electrostrictive tensor �̃ijkl

E assuming local uniaxial symmetry
of the system, the symmetry axis given by the components ni
of the director. With �ij denoting the Kronecker delta, we can
rewrite the electrostrictive tensor as

�̃ ijkl
E = �̃1�ij�kl + �̃2��ik� jl + �il� jk� + �̃3�ijnknl + �̃4�klninj

+ �̃5��iknjnl + � jkninl + �ilnjnk + � jlnink� + �̃6ninjnknl.

�B1�

We then have to introduce this expression into the term
�̃ijkl

E EiEj�kl and expand the result up to quadratic order in the
five independent variables ux, uy, uz, nz, and 
 of the system.
For this purpose, we take into account that Ei=E�iz, and we
need the expression for the components of the Eulerian strain
tensor �ij up to quadratic order, which is given by �ij

= 1
2 ��iuj +� jui�− 1

2 ��iuk��� juk� �see, e.g., �26��. After that, the
variational derivatives of the resulting expression with re-
spect to the five variables ux, uy, uz, nz, and 
 have to be
calculated and added to Eqs. �A1�–�A5�, where we once
again neglect energetic surface contributions. We do not
present the explicit calculations here because they follow the
same procedure as those for the other terms arising from Eq.
�2�.

The results we obtained this way do not qualitatively dif-
fer from those we already presented in Sec. V. In the case of
a laterally homogeneous solution �see Sec. V A�, the insta-
bility is still described by Eqs. �50�–�52� and �56�–�58�, re-
spectively, where only the amplitudes are slightly influenced
by the external electric field: In these equations, the ratio �

�
now has to be replaced following the scheme

�

�
→

� − ��̃3 +
1

2
�̃5�E2

� − ��̃1 + �̃2�E2 . �B2�

Taking into account terms up to quadratic order, the expres-
sion for the amplitude of the critical external electric field
turns into

Ec
2 =

�2 − �A

2���̃3 +
�̃5

2
� − ��a − ��̃1 + �̃2�A

, �B3�

where

A = D1 + K3q0
2 + K1��

d
�2

. �B4�

If the electrostrictive coefficients are very small compared
to the other material parameters in Eq. �2�, which is usually
the case for common nonpolar elastomers �see �15��, the ex-
pression for the threshold value Ec

2 again yields Eqs. �49� and
�59�. This can be verified by taking the limit of �̃i→0
�i=1,2 ,3 ,5� in Eq. �B3�.

Concerning the laterally inhomogeneous instability �see
Sec. V B�, the results presented in the main text are not in-
fluenced qualitatively by the electrostrictive corrections.
Equations �A1�–�A5� including the additional terms arising
from electrostrictive contributions can still be solved by an-
satz �10�, which implies the undulations we found in
Sec. V B. When we then investigate the resulting set of or-
dinary differential equations numerically for a common non-
polar elastomer, it is a good approximation to set the elec-
trostrictive coefficients equal to zero for the reasons already
mentioned above.
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